This paper develops a new test to evaluate Value at Risk (VaR) forecasts. VaR is a standard risk measure widely utilized by financial institutions and regulators, yet estimating VaR is a challenging problem, and popular VaR forecast relies on unrealistic assumptions. Hence, assessing the performance of VaR is of great importance. We propose the geometric-VaR test which utilizes the duration between the violations of VaR as well as the value of VaR. We conduct a Monte Carlo study based on desk-level data and we find that our test has high power against various alternatives.
Introduction
The importance of risk management has long been recognized by financial market participants. One essential element of managing risk is measuring risk. The 1996 Market Risk Amendment to the Basel Accord established Value-at-Risk (VaR) as the basis for determining market risk capital requirements. Since then, VaR has become a standard tool to measure risk (See Jorion, 2006 and O'Brien, 2002) . VaR is the maximum expected loss for a given time horizon and confidence level. For example, a one-day VaR with coverage rate 5% is the value such that the loss in the next day would be smaller than this value with a 95% probability. In other words, the probability that the loss exceeds VaR is 5%.
VaR summarizes risk in a single number, and it is easily communicated among financial institutions and their regulators. Statistically, VaR is a quantile of the conditional distribution of returns. Despite the simple concept, the estimation of VaR is a challenging problem, because the conditional distribution of returns is generally unknown.
Although several methods have been developed to estimate VaR, arguably the most popular approach is Historical Simulation. Pérignon and Smith (2010) find that 73% of banks that disclosed their VaR method are using Historical Simulation. Historical Simulation approximates the conditional distribution of returns using a rolling window with typically one or two years of past returns. It is nonparametric and easy to implement, hence favored by practitioners, but it relies on unrealistic assumptions; it assumes that returns are independent and identically distributed. It ignores stylized facts such as volatility clustering and leverage effects, and the time-varying dynamics of returns is only accounted for by the rolling window. Moreover, Historical Simulation is under-responsive to changes in conditional risk; see Pritsker (2006) .
Given the popularity of VaR and the lack of effective implementation, evaluating the performance of the VaR measure is of great importance. In practice, the evaluation of VaR is usually carried out through backtesting, which compares the VaR forecasts with realized returns. If the ex-post loss exceeds the ex-ante VaR forecast, it is referred to as a violation. Define a hit sequence, {I t }, where I t = 1 indicates there is a violation; if the VaR measure with coverage rate p is correctly specified, the hit sequence must be i.i.d. Bernoulli with parameter p. Christoffersen (1998) builds a Likelihood Ratio (LR) framework for the conditional evaluation of an interval forecast such as VaR. He first formulates a LR test for the unconditional coverage of VaR, which amounts to testing if the average number of violations corresponds to its expected value, i.e, if E(I t ) = p.
The unconditional coverage test does not take into consideration higher-order dynamics:
it assumes that the observations are independent. Violations could have correct nominal coverage while exhibiting time dependence, in particular violation clustering. The clustering in violations indicates closely grouped large losses and misspecified VaR. To examine the independence hypothesis, Christoffersen (1998) specifies a first-order Markov chain alternative for the hit sequence. Finally, he develops the test for correct conditional coverage, which is a joint test of the unconditional coverage hypothesis and the independence hypothesis.
The First-order Markov chain alternative has limited power against general forms of time-dependence in violations. Christoffersen and Pelletier (2004) develop a durationbased approach for backtesting VaR. The intuition is that if VaR is correctly specified with coverage rate p, the hit sequence should be i.i.d. Bernoulli with parameter p, and the duration between hits should have no memory and mean equal to 1/p. The distribution of durations under the null hypothesis is approximated by the exponential distribution since it is the only continuous distribution with constant hazard rate. For the alternative hypothesis they considered a Weibull distribution with a decreasing hazard rate. Their test can also be decomposed into an unconditional coverage test and an independence test, where the unconditional coverage test checks if the mean of durations is equal to 1/p, and the independence test checks if the hazard rate is constant. They also considered an autoregressive model for the expected conditional duration.
It is also possible to specify a discrete distribution for the durations. Haas (2005) finds that discrete distributions have better power against violation clustering than continuous distributions. Candelon, Colletaz, Hurlin, and Tokpavi (2011) propose a GMM test for duration-based backtesting. They find that discrete distributions perform as well as continuous distributions within the GMM approach. Berkowitz, Christoffersen, and Pelletier (2011) implement a discrete duration test under the LR framework, which they refer to as the geometric test. Under the null hypothesis that durations have no memory, discrete durations follow the geometric distribution, hence the name geometric test.
Monte Carlo simulations suggest that the geometric test is always more powerful than the continuous distribution based Weibull test. Engle and Manganelli (2004) argue that requiring the hit sequence to be i.i.d. is a necessary but not sufficient condition for a correctly specified VaR; if the VaR forecast is a valid quantile measure, the expectation of hit sequence conditional on information set at time t − 1 must equal to the coverage rate. In other words, the violation I t should be unbiased and it should be uncorrelated with any information up to t − 1. They propose a dynamic quantile (DQ) test for backtesting VaR. In particular, they regress the hit sequence on a set of explanatory variables that includes the VaR forecasts and the first four lagged hits. Dumitrescu, Hurlin, and Pham (2012) extend this approach to a dynamic binary choice model which allows for non-linear dependence between the probability of violations and the explanatory variables. Gaglianone, Lima, Linton, and Smith (2011) develop evaluation methods based on quantile regressions and it has better small sample property than the DQ test. Berkowitz, Christoffersen, and Pelletier (2011) provide a unified framework for backtesting VaR by noting that violations form a martingale difference sequence. They com-pare the power of existing backtesting methods using data generating processes that resemble actual Profits and Losses (P/L) from four business lines. They find that the DQ test performs the best overall but that the Geometric test also performs well in many cases.
In this paper, we propose a new duration-based test by incorporating VaR forecasts in the geometric test, hereafter geometric-VaR test. The insight is twofold: first, durationbased approaches can capture general forms of time-dependence in violations. Specifically, we choose the geometric test over the Weibull test because discrete distributions have better power against violation clustering. Second, if VaR is not correctly specified, the probability of observing a violation would depend on past information, including the VaR forecast. Hence, specifying VaR in the distribution of duration should improve the power of a duration-based test.
The geometric-VaR test can be decomposed into three individual tests: the first test focuses on correct unconditional coverage; the second test considers the dependence structure in durations; the third test examines whether the probability of getting a violation depends on the VaR forecasts. We obtained the same dataset as Berkowitz, Christoffersen, and Pelletier (2011): desk-level daily P/L and VaR forecasts from four separate business lines of one large commercial bank. The actual P/Ls provide guidance for choosing realistic data generating processes to compare the power of the geometric-VaR test and the related duration-based tests. We find that the geometric-VaR test has better power than other duration-based tests, and it has power against various forms of misspecifications. We assess the performance of the actual VaR forecasts provided by the bank using geometric-VaR test and its component tests. Our framework not only tests whether the VaR forecast is misspecified, but also helps understand how the VaR forecast is misspecified by examining the individual hypotheses separately.
The rest of the paper is organized as follows. Section 2 reviews the geometric test and presents the geometric-VaR test. Section 3 discusses how to implement the tests. 
Duration-based Backtesting
VaR is defined with a promised coverage rate over a given time horizon. We focus on the one-day VaR horizon in the paper. A one-day VaR with coverage rate p is the value such that the loss next day would exceed VaR with probability p. In particular, we say that the VaR forecast VaR t (p) is efficient with respect to information set Ω t−1 if
Here we follow the convention of reporting VaR as a positive number. Given a VaR forecast V aR t conditional on information up to time t − 1 and the realized return r t at time t, we can obtain the hit sequence {I t } by comparing the ex-post return r t and the ex-ante forecast V aR t . A violation or a hit refers to the event that the loss exceeds the VaR forecast. Let I t be an indicator function such that I t = 1 when there is a violation, that is,
If the VaR forecast is efficient with respect to information set Ω t−1 , the conditional distribution of the hit sequence should be i.i.d. Bernoulli with parameter p:
Let t i denote the day of the ith violation/hit, the no-hit duration D i is constructed by 
The geometric distribution is characterized by a flat hazard function. Hazard function
For a discrete distribution, we can write
where
is the probability of duration D i being at least d. Hence, λ d measures the probability of getting a hit (a failure) on day d given that the no-hit duration has survived for d − 1 days. In other words,
If the VaR forecast is efficient, the probability of getting a hit does not depend on any past information, so the hazard function must be a constant. Furthermore, if the VaR 1 See Kiefer (1988) for an extensive review on duration modelling.
forecast has correct unconditional coverage, the hazard function must equal the coverage rate p.
On the other hand, if VaR is not efficient with respect to past information, the hazard function is no longer the constant p. The probability of getting a hit can depend on how long the no-hit sequence has lasted and the VaR forecast. Berkowitz, Christoffersen, and Pelletier (2011) propose the geometric test in which the hazard function decreases with duration under the alternative hypothesis. We extend the geometric test by allowing the hazard function to depend on VaR forecasts as well as durations. We review the Geometric test in Section 2.1 and present the Geometric-VaR test in Section 2.2.
Geometric Test
The Geometric test allows time dependence in the hit sequence by specifying the following hazard function for durations:
with 0 ≤ a < 1 and 0 ≤ b ≤ 1.
2 The ordering of duration does not play a role here so we omit the superscript i.
We can decompose the geometric test into a test of unconditional coverage and a test of duration independence. The null hypothesis of correct unconditional coverage corresponds to a = p, since the percentage of violations equals the coverage rate p and the average duration equals 1/p. As in Kupiec (1995) and Christoffersen (1998) we would observe an excessive number of short durations and long durations compared to the geometric distribution. This corresponds to a decreasing hazard function 3 : if the no-hit duration has not lasted for long, the probability of getting a hit is high, hence the excessive amount of short durations; if the no-hit duration has survived for a long time, the probability of getting a hit is low, hence the excessive amount of long durations. In other words, the alternative hypothesis is specified as b < 1. By testing the unconditional coverage and duration independence hypotheses jointly, we obtain the geometric conditional coverage test.
Geometric-VaR Test
If the VaR forecast V aR t is not efficient with respect to the information up to time t − 1, the conditional probability of getting a violation can depend on how long the no-hit duration has lasted as well as the VaR forecast. We utilize the hazard function to specify the dependence structure. Specifically,
with 0 ≤ a < 1, 0 ≤ b ≤ 1 and c ≥ 0. Under the null hypothesis that VaR is correctly specified, durations follow a geometric distribution with parameter p, so the null corresponds to a = p, b = 1 and c = 0.
As with the geometric test, the parameter a in the hazard rate specifies the unconditional coverage. 
2. Duration independence test (under the maintained assumption that c = 0): 
VaR independence test :
H 0 : c = 0
Test Implementation
A hit sequence does not usually start with a violation. In that case, the first duration measures the number of days with no violation rather than the number of days between two violations. In other words, the first duration is left-censored. Similarly, if the hit sequence does not end with a violation, the last duration is right-censored. To implement the test, we generate a binary series
along with the duration series
, while
is not censored, its contribution to the likelihood is the probability f i (D i ). On the other hand, if a duration is censored or incomplete, we only know that the duration has lasted for at least D i days. Hence, its contribution to the likelihood is the survival function S i (D i ). When the hit sequence is converted to the duration sequence, only the first and the last duration could be censored.
The combined log-likelihood function is given by
We estimate Θ using maximum likelihood. Following Christoffersen (1998), we utilize likelihood ratio tests so that the individual hypothesis testing and joint hypothesis testing can be conveniently implemented under a unified framework. The standard LR statistics can be formulated by LR = −2(log L(D|Θ R ) − log L(D|Θ U R )) for each of the tests in section 2, whereΘ R denotes the maximum likelihood estimate of Θ when parameters are restricted by the null hypothesis, andΘ U R is the unrestricted maximum likelihood estimate (although the parameter space could be restricted by the maintained assumptions).
Specifically, the LR test statistic for the unconditional coverage test is given by
For the test of duration independence, we have
The duration independence test does not depend on the true coverage p; it captures the time-dependence of violations while maintaining the assumption of VaR independence (by imposing c = 0). Next, for the VaR independence test, the LR test statistic is formulated after taking duration dependence into consideration. In other words, the VaR independence test captures whether the probability of violation depends on the VaR forecast when we allow for the time-dependence of violations. Specifically,
The geometric test jointly tests the unconditional coverage and duration independence; the test statistic is given by: 
Last, for the geometric-VaR test,
The geometric-VaR test can be decomposed into three individual tests: the test of unconditional coverage, the test of duration independence and the test of VaR independence.
In particular, LR GV is equal to the sum of the three test statistics:
Once we obtain the test statistics from the sample, we could use their asymptotic distribution to calculate the p-value. However, the sample size of the duration sequence is usually small. For example, if we have one year of VaR forecast with a 1% coverage rate, the expected number of durations is 2.5. Even with 10 years of data, the average sample size for durations is 25. The small sample size also results in a nontrivial sample selection issue since we cannot run the backtest unless a minimum number of violations are observed. Another complication is that we are testing parameter values at the boundary of the parameter space and this might affect the asymptotic distribution. Also, since we are working with binary data, the distribution of LR statistics is not continuous. Hence, we use Monte Carlo techniques in Dufour (2006) 
andĜ
Simulation Studies

Data Generating Process
The most prominent characteristics of financial returns include volatility clustering, leverage effects and fat tails. Volatility clustering refers to the observation that volatility is persistent: periods of high volatility tend to cluster together. Leverage effect concerns the asymmetric response to innovations. In financial data, a negative innovation tend to have different impacts on future volatility than a positive innovation. In particular, a negative shock tends to increase future volatility more than a positive shock of the same size. Fat tails explain the large returns that would be very unlikely given a normal distribution.
The most popular approach characterizing these features is to use GARCH-type models, which allow volatility to depend on past returns and other observables. We adopt the Nonlinear asymmetric GARCH, or NGARCH process with student-t innovations. The 
where z t is drawn from a student t(d) distribution. The leverage effect is represented by θ.
If θ is positive, volatility tends to increase more after a large negative shock than a large positive shock. The unconditional variance of returns is given by ω
while (α(1 + θ 2 ) + β) indicates the volatility persistence.
To choose realistic parameters for their simulations, Berkowitz, Christoffersen, and Pelletier (2011) estimate the volatility model in (18) with desk level P/Ls from four business lines of a large commercial bank. Table 1 reproduces their parameter estimates.
The four business lines display very different dynamics. The negative θ in business line 1 and 3 indicates that positive returns have a larger impact on volatility than negative returns, the opposite of the usual leverage effect. Business line 2 is characterized by highly persistent volatility and fat tails. Business line 4 has very high unconditional volatility. Using the parameter estimates in Table 1 , we can generate returns that have similar dynamics to the P/L series from the four business lines.
Backtesting VaR
We compute VaR forecasts using the Historical Simulation approach. In general, VaR with coverage rate p is the pth quantile of the conditional distribution of return R t+1 :
where F t+1 denotes the conditional distribution of R t+1 . The Historical Simulation approach uses the past one year or two years of returns to construct an empirical estimate of F t+1 :
where T e is the size of the rolling window that is used to approximate the conditional distribution. Following industry practice, we choose T e to be 250, which roughly corresponds to one year of trading days.
Historical Simulation is widely adopted by financial institutions because it is nonparametric and easy to implement. However, this approach is problematic since it assumes that returns from the past T e days are independently and identically distributed. It does not take into consideration the predictability of volatility; the time varying nature of volatility is only reflected through the rolling window. Moreover, Pritsker (2006) varying and it does not provide information on the probability of getting a hit. We choose N to be 9, 999 for the simulated distribution. The p-value is obtained by comparing LR 0 to LR i , i = 1, ..., N using equation (17).
Finite Sample Power of the tests
We assess the power of each test by computing the rejection frequency from 5000 replications of the backtesting procedure described in the previous section. The significance level is chosen to be 10% for all tests, i.e., a hypothesis is rejected if the p-value computed using the Monte Carlo technique is smaller than 10%. The sample sizes vary from 250 to 1500, which roughly correspond to one year through six years of trading days. We conduct the power exercise using both 1% and 5% VaR and the simulated power of each test is reported in Table 2 and Table 3 . The different Business lines in Table 2 and Table   3 indicate that the simulated P/Ls mimic the dynamics of that business line, i.e., the P/Ls are generated using parameters estimated from the corresponding business line.
The power of the unconditional coverage test is generally low for all business lines since the unconditional coverage test does not consider higher order dynamics of violations. Also, we expect the unconditional coverage test based on duration to have similar We simulate P/Ls using NGARCH-t(d) models that have the same parameters as the four business line and then compute VaR using Historical Simulation with a rolling window of size 250. The simulated power of each test is the rejection frequency from 5000 replications. UC stands for unconditional coverage test and GV stands for geometric-VaR test. See the text for details on each test. Kupiec, 1995) . The Kupiec test has been documented to have low power, see for example Pritsker (2006) ; Pérignon and Smith (2008) and Berkowitz, Christoffersen, and Pelletier (2011) . Moreover, Escanciano and Pei (2012) show that the unconditional test is always inconsistent for backtesting Historical Simulation models, and the problem is less severe when the volatility is more persistent. This
is consistent with what we find in business line 1 and 3; in both cases the negative θ and relatively small volatility persistence lead to less dependent left tail and hence the very low power in unconditional coverage test.
The duration independence test performs well expect for Business line 3. Business Line 3 is characterized by a large negative θ, so a negative shock tends to be followed by low volatility, and violation clustering is less likely to happen. all require the estimation of two parameters, hence we need three durations, or two durations with at least one of them uncensored. Table 4 reports the fraction of samples where the test is feasible.
Empirical Results
We apply our tests to the actual business line P/Ls and VaRs from Berkowitz, Christoffersen, and Pelletier (2011) The test statistics are computed using equations (10) through (15) and the test values are reported in Table 6 . To get reliable p-values, we utilize the Monte Carlo technique described before and the p-values are displayed in Table 6 . We conduct a Monte Carlo study to assess the power of the geometric-VaR test as well as its duration-based components. The dynamics of the P/L series are based on actual desk-level data. We find that the geometric-VaR test has higher power than other duration-based approaches against various alternatives. We apply the tests to the actual business line P/Ls and VaRs. The geometric-VaR is able to reject the efficiency of the VaR forecasts in two of the three business lines we considered. In particular, the geometric-VaR test is able to detect VaR dependence when the geometric test fails to reject in business line 2, and it is able to capture duration dependence when the VaR test fails to reject in business line 4. Our finding suggests that the geometric-VaR test offer a good alternative to detect various forms of VaR misspecifications.
